NATIONAL EXAMINATIONS MAY 2014
04-BS-2
PROBABILITY AND STATISTICS

2 HOURS DURATION

NOTES:

1.

If doubt exists as to the interpretation of any question, the candidate is urged to
submit with the answer paper a clear statement of any assumption made.

“Closed Book” — no-aids other than

(i) A Casio or Sharp approved calculator
(ii)) ONE hand-written information sheet (8.57x11”), filled on both sides.

Any 5 questions constitute a complete paper. Only 5 questions will be marked.
All questions are of equal value.
Statistical tables of the normal, t, chi-square and F distributions are provided.

Questions involving hypothesis testing must be clearly formulated.

Marking Scheme

1. (a) 5 marks (b) 5 marks (c) 5 marks (d) 5 marks

2. (A) (a) 5 marks (b) 5 marks ; (B) (a) 5 marks ;(b) 5 marks
3. (A) (a) 5 marks (b) 5 marks ; (B) (a) 5 marks (b) 5 marks
4. (a) 5 marks (b) 5 marks (c) 5 marks (d) 5 marks

5. (a) 7 marks (b) (i) 7 marks (ii) 6 marks

6. (A) (a) 5 marks (b) 5 marks ; (B) (a) 5 marks (b) 5 marks
7. (a) 10 marks (b) 10 marks

8. (a) 5 marks (b) 5 marks (c) 5 marks (d) 5 marks
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1. The volume X of fabric softener contained in the plastic bottles sold by a supermarket
chain is a normally distributed random variable with a mean of 4,850mL and a standard
deviation of 40mL.

(a) Find the probability that a randomly selected bottle will contain less than
4,900mL of fabric softener. Write down the probability density function of X.
Then draw the probability density function of X, neatly and clearly, and indicate
the area that corresponds to this probability.

(b) Compute the probability that the volume X of fabric softener contained in a
randomly selected bottle differs from the mean by more than 60mL. Then draw,
clearly and neatly, the probability density of X and indicate the area that
corresponds to this probability.

(c) Let M represent the mean volume of fabric softener contained in a random
sample of four bottles. (i) Find the mean and variance of the probability
distribution of M. (ii) Write down the probability density function of M.

(iii) Draw, neatly and clearly, the probability density function of X and M on the
same diagram. (iv) Compute the probability that M is more than 4,840mL.

(d) Let T be the total volume of fabric softener contained in a random sample of nine
bottles. Find E(T) and Var(T). Then compute the probability that T exceeds
43,680mL. Draw the probability density function of T and indicate the area that
corresponds to this probability.

2. (A) Information gathered by the Central Weather Office over a long period reveals
that the number of severe snowstorms experienced by a large urban centre follows the
Poisson law with an average of three such storms per year.
(a) What is the probability that the number of severe snowstorms next year will be
smaller than four?
(b) Compute the probability that in a two-year period the urban centre will
experience more than four but fewer than eight severe snowstorms.
2. (B) The digital cameras manufactured by Marvelcam come in either a-10 megapixel
version or a 20 megapixel version. The owner of a camera store received a shipment of
fifteen cameras from Marvelcam: six 10 megapixel and nine 20 megapixel cameras. An
employee randomly selects five of these cameras and stores them behind the counter; he
then places the remaining ten cameras in the storeroom. Let X denote the number of 10
megapixel cameras stored behind the counter.
(a) Compute the probability that X is larger than two.
(b) Write down the probability distribution of X.
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3.(A) An investigation carried out by the quality control department of Excellent
Laboratory Supplies revealed that 25% of the safety glasses manufactured by the
company do not meet the rigid standards demanded by the senior management.

(a) Compute the probability that in a random sample of 10 safety glasses produced
on a given month fewer than three fail to meet the standards demanded.

(b) Use an appropriate approximation to compute the probability that in a random
sample of 1,600 safety glasses more than 1,230 will meet the rigid standards
demanded.

3.(B) A committee composed of the four most senior engineers of Antarctica Hydro —
Mr. Allyson, , Mrs. Caballero, Mr. Ethnarch and Mrs. Gamelle — was formed to make
an important decision on the constriiction site of a new power station. Assume that each
member reaches a decision independently of the others. Assume also that the probability
that Mr. Allyson, Mrs. Caballero, Mr. Ethnarch and Mrs. Gamelle are in favour of the
construction site under consideration is 0.40, 0.80, 0.6 and 0.9 respectively. If X denotes
the number of committee members who are in favour of the construction site under
consideration find

(a) the probability distribution of X:and

(b) the mean and variance of the probability distribution of X.

4. The warehouse of an online retailer has four employees. Employee A takes care of
30% of the orders, while employees B, C and D take care of 25%, 20% and 25% of the
orders respectively. Data also show that the probability that employee A makes a
mistake while filling an order is 1%, while the corresponding probabilities for
employees B, C and D are 1.2%, 1.4% and 1.1% respectively.

(a) Let M denote the event “Employee does not make a mistake while filling an
order”. Also let M denote the complement of M. Draw a neat and properly
labelled tree diagram indicating all the relevant probabilities using the symbols A,
B, C, D, M and M“.

(b) Compute the following probabilities:

(i) PrM) ; (i) PeBNM) ; (iii) Pr(DNM)

(c) The supervisor of the warehouse receives a complaint from a customer who
received a wrong item. What.is the probability that employee C is the one who
made the mistake? ,

(d) Assume that the employees of the warehouse filled fifteen orders in a given hour.
What is the probability that at least fourteen orders were filled correctly?
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5. It is believed that a minor technical modification to the carburetor of the vans

manufactured by Toro Motors will lead to an improvement in the fuel consumption.

Tests carried out on twelve of these vans yielded the following results in kms/litre:
3 X =157.20 Y X*=2,062.07

(a) Find the 99% confidence limits of (i) the true mean and (ii) the true standard
deviation of the probability distribution of X. Assume that X is a normally
distributed random variable.

(b) The extensive data accumulated by the design department of Toro Motors
indicate that the mean and standard deviation of the fuel consumption without the
modification mentioned above are 12.2kms/litre and 0.9kms/litre respectively.
(i) Test the hypothesis that the mean fuel consumption using the new technical
modification is not significantly different from 12.2kms/litre. Let o = 0.05.

(ii) Test the hypothesis that the true standard deviation of the fuel consumption is
not significantly different from 0.9kms/litre. Let o = 0.035.

6. (A) A random sample of 1,800 measurements of the weight W of the hand luggage
carried by the passengers of Stratosphere Airlines yielded a mean weight of 5.850kgs
and a standard deviation of 1.350kgs.

(a) Test the hypothesis that the mean weight of the hand luggage under study is
larger than 5.5kgs. Let a = 0.05. Assume that W is a normally distributed random

variable.
(b) The following is an interesting and useful way of finding an approximate
(1-)100% confidence interval of the standard deviation ¢ when the sample is

large: .
s - 5
" <0< -
1+ al2 1- al2
\2n \2n

Use this result to test the hypothesis at the o. = 0.05 level that the true standard deviation
o is not significantly different from 1.2kgs.

6. (B) A nationwide survey carried out on behalf of the City Dwellers Association
revealed that 1,960 households out of a random sample of 2,800 were dissatisfied with
the level of municipal services provided by the city.
(a) Test the hypothesis that the proportion of households who are not satisfied with
the level of municipal services is not significantly different from 0.65. Let a. =
0.05.
(b) How large should the sample be if we wish to know the true proportion of
dissatisfied households with an error of 0.01 and 99% confidence?
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7. Professor Sparks, a respected professor of Electrical Engineering, was hired to test
the breakdown voltage of two equally priced insulating materials obtained from two
manufacturers. Tests were carried out on a random sample of twelve samples obtained
from each manufacturer. The tests yielded the following results: (Note: The results are

in kV/mm)

Manufacturer A Manufacturer B
Sample size ng =12 ng =12
Sample Mean my = 26.25 mg =25.95
Sample Standard deviation sa = 0.6 sg =0.7

(a) Test the hypothesis that the variability of the breakdown voltage of the insulating
material obtained from manufacturer A is not significantly different from that
obtained from manufacturer B. Let a=0.05. State any assumptions you need to

make.
(b) Test the hypothesis that the mean breakdown voltage of the insulating material

obtained from manufacturer A is not significantly different from that obtained
from manufacturer B. Let a=0.05.

8. The following information was obtained from a study carried out by professor
Socrates. Y represents the mark, out of hundred, while X represents the number of hours
that a candidate devoted to the study of a certain professional examination. The results
were obtained from a random sample of twenty-one candidates.

YX,=29400 ;S X?24361000 ; 37 =1470.0;

i=1 i=l i=]

Y¥2=110,9000 ; > XY =2191000 ; n=2I

i
ia] : i=l

(a) Compute Cov(X,Y) and the coefficient of correlation r of X and Y.

(b) Test the null hypothesis that the true coefficient of correlation p is not
significantly different from 0.9. Let a=0.05.

(c) It is believed that Y and X are related by an equation of the form Y=, + ;X + &.
Write down the normal equations of the least squares line and then compute the

estimates by and b; of By and [B; respectively.
(d) Compute the error sum of squares and use this information to find the 95%.-

confidence limits of B;.
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THE CHI-SQUARE DISTRIBUTION

Probability that chi-square value will be exceeded

df .995 .290 .975 .950 .050 .025 .010 .005
1 -—- -—- -—- .004 3.84 5.02 5.63 7.88

| 2 .01 .02 .0s .10 5.99 7.38 . 9.21 10.60

i 3 .07 11 .22 .35 7.81 9.35 11.34 12.84

| 4 .21 .30 .48 .71 9.49 11.14 13.28  14.86

§ 5 .41 .55 .83 1.15 11.07 12.83 15.09 16.75
6 .68 .87 1.24 1.64 12.59 14.45 16.81 18.55
7 .99 1.24 1.69 2.17 14.07 16.01 18.48  20.28

; 8 1.34 1.65 2.18 2.73 15.51 17.53 20.09  21.96

9 1.73 2.09 2.70 3.33 16.92 19.02 21.67  23.59

i 10 2.16 2.56 3.25 3.94 18.31 20.48 23.21  25.19

. 11 2.60 3.05 3.82 4.57 19.68 21.92 24.72 26.7§

P12 3.07 3.57 4.40 5.23 21.03 23034 26.22 23.30

{13 3.57 4.11 5.01 5.89 22.36 24.74 27.69  29.82
14 4.07 4.66 5.63 6,57  23.68 26.12  29.14 31.32
15 4.60 5.23 6.26 7.26 25.00° 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 " 8.67 27.59 30.19 33.41  35.72 !

18 6.26 7.01 8.23 5.39 28.87 31.53 34.81 37.16 !
19 6.84 7.63 8.91 10.12 30,14  32.85  36.19  38.58:

20 7.43 8.26 9.59 10.85 31.41 34,17 37.57 40.00°
21 8.03 - .8.90 10.28 11.59 32.67 35.48  38.93  41.40
22 8.64 9.54 10.98 12.34 33.92 36.78  40.29  42.80
23 9.26 10.20  11.69 13.09 35.17 38.08 41.64  44.18
24 9.89 10.86  12.40 13.85 36.42 39.36 42.98  45.56
25 10.52 -11.52 13.12 14.61 37.65 40.65 44.31  46.93
26 11.16 12.20 13.84 15.38 38.89 41.92  45.64  48.29
27 11.81 12.88 14.57 16.15 40.11 43.19 46.96  49.64
2 12.46 13.56 15.31 16.93 41.34 44.46  43.23  50.99
29 13.12 14.26  16.0S 17.71 42.56 45.72  49.59  52.34
30 13.79 14.95 16.79 18.49 43.77 46.98 50.89 S3.87
40 20.71 22.16  24.43 .26.51 55.76 59.34 63.69  66.77
50 27.99 29.71  32.36 34.76 67.50 71.42  76.15  79.49
60 35.53 37.48  40.48 43.19 79.08 83.30 88.33  91.93
70 43.28 45.44  48.76 51.74 90.53 95.02 :100.43 104.22
80 S1.17 53.54  S7.15 60.39 101.88 106.63 112.33 116.32
90 59.20 61.75  65.65 69.13 113.14  118.14 123.12 128.30

100 67.33 70.06  74.22 77.93 124.34° 129.56 135.81 140.17




00°} Tl (19| 60 9 14| Ls°] L9l sL°1 £8°1 88’1 b6’} 10°C 01'T 144 e 09°T 00°¢ t8'c
st SC°l o 0s°1 §5°1 191 99°1 SL') £8°(1 16°1 96°1 T0°T 60'T L'z 6T°T 1344 99°T LO°E i6°C
6C'1 ry 51 65’1 §9°1 oLy Ll $8°1 6°1 66°1 'z oIt L1'r $T'T 1% 1 (1% 4 on'T si°¢ 1) 4
1§71 85’1 9l 69°1 rL’l 6L'1 gl 4y 00'T 80T e 81T $T°T 4 %4 1144 19°C 8°T (398 so'y
9l 891 Ll 6Lt r8°l 68°}) (6°1 o'z 60'T 91T 17T Ly (134 (444 1344 69T 6T (43 Ly
'l ot | st 18°1 §3°'1 06'1 r6'l [§1)4 oIt 81T T 87T $C°T €&r'T $§°T oLt £6'T £€°E iry
$9'1 1L} il (4 )] L8l 16°1 96’1 "'z Tt 61°T 144 6T 9T 144 96T Iz $6'T ye'e o'y
L9l (] ceLl ¥8’l 881 £6°1 L6'1 90°C (454 0Tt $TT [ 1%4 Le'L e st 151 96'T SE'C 34 4
691 sL'1 08’ §8°1 06’1 561 66°1 LoT  1K4 T [ 1444 T 6¢°C Lr'e 65°T Yt 86T LE'¢e (wr
11 Ll 8! L8°1 6'! 96’1 lo'z 60°T Nz e 8T re'e (Y &f 4 6¥'T 09T inT 66T 66°¢ YTy
i 6L°1 18l 68°1 ¥6'l 86'1 07 e 8I'T 1144 0fT bi%4 e . ISt 9T [ [ %4 10°€ or'g T’y
9L’y 18°1 98’1 161 961 lo't S0°T ez 0T’ (3% S 1 4 LE°T "t £€5°C 9T 08’z £0'¢ (4411 8Ty
8Ll gl 68’1 re’l 86’1 {14 LoT si't (Y41 of'L Y'Y or'T "z $6°T . 99T [4 X1 £0°€ e oy
18°1 L8’ T6°1 961 jo'z 50 ore 81T §T'T e LE'T (141 6r'e Ls°T 89T 1< X4 L0’ Ly 14 4
¥l . 06°1 $6°1 661 Yo'z L1Vt 4 (41 0T'T 8TT $ET 6L°7 1144 sz 09T . {24 e ol'e 6r'E L1 4
88°I £6'1 861 £0T ()4 e NT (Y44 1% 4 8E'T 14 4 14 o'r €9t (%1 06'T €I'e (4 [ S 4
T6°| L6°1 20T 0T 4 sI't 61'C (244 Ye'e Ire Ll & 15T 5T 99°C ie .E6°T 't §$S°¢ iry
96’1 10T 50T 01’z 1T 61'T | X4 4 (%4 N'T £14 (14 §6°T 19T oLt 18° 96T ot'c 65°€ 5y
10°T 0L (14 $1°T 61T et 8TT SET Ir'e 6%’ T 65T . 99T ne §8°C 10°C ¥'e 9C 6r’y
L0t 1t MN'T 0Tt $TT 6T €T ortT T ”T 65°T Yo't e 6L'T 06°C 90°¢ 6T'¢ e 123 4
€1z BI'T T 2444 1% SE'T 6€ 'y 5T 09T $9°T LT ie ST 96’ 11°c Ye'e g 09’y
144 STL 0E'T e’z e e "'t (121 09T 9T - 1t LY (3 4 T6T €0's ne Ire 13°€ Lo'r
of'L et 80T |14 e 15T iR 9T 69°T IX 2 ¥ 4 14 16T 00°¢ 11°E T’ 6r'e 68°C 115 4
ory 1144 6r'T €T LT 19°T $9°T LT 6Lt $8°C 06’ $6T 10°¢ 60°¢C oT’e 9¢’c 65°E 86°¢C ¥y 1
sz 85T 9T 99't oLt L{X AN T 4 9T 16T 86°T To'e Log rie e {1 e e ol'y 96’y ol
Iie SL'T 6Lt (8T 98T 06°T ¥6 10°¢ LO'E e eIt 341 (24 Le’e W £9°¢C 98'c aT’r Ty 6
(6T L6'T 10’ Hre 80°¢ TI'e sI°g 't 8Tt sC°C 6'cC 't 0t 85°¢ 69°¢ e'e o’y 'y s  }
X4 Lyt 0f’¢ g 8c’c It e 15°€ L5t Led} 99°¢ £L¢ 6Lt e L6E iy sE'r 4N 4 65°8 L
9t oL'e rL’e e I18°c e Lv'e Y6't 00’y 90y oI’y si'y 34 4 19 4 (1% 4 (334 i’y 1437 66’ 9
i’y o'y &'y Sry os’y n_n... 95’y 9y 9y L'y Ly er L1 4 56y 0 6I¢ Irs 6L's 199 §
£9'¢ 9's 69's s sL'S s 08's 9’5 16'¢ 96'¢ 009 ro'9 60'9. 919 aT’9 609 65°9 ¥6'9 1L 14
5’8 $6°8 15’9 65°8 98 s 99's oL's (X ] 6L'8 19°8 §8°8 ér's 68 10°6 TI'6 6 §5°6 €1°01 1
0§°61 6r'61 8r6l Ly'6} 96l $r'6l sr6l £ré1 11X 0r'61 36’61 Leél $E°6) fe'61 0L'61 $T61- 9161 00°61 1s°8} 4
£t cese (4414 I'ist °0$T I'6%2 o'8rr (3344 6T 6'1rT 131 ¢ 4 6'3(T 96T 0'reT T0ET b2 (44 (414 §'661 198 1
. . . ta
- 0zl 0 or 0of 124 114 114 4] (1] 6 B L 9 § 1 4 L4 T I in
nujed 3¢ aaddpy -
LNPH :
tata v 0




